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moves away from the source, the amplitude decreases. The energy of the wave spreads around a larger circumference and
1

the amplitude decreases proportional to 4, which is also the same in the case of a spherical wave, since intensity is

proportional to the amplitude squared.

16.5 | Interference of Waves

Learning Objectives

By the end of this section, you will be able to:

* Explain how mechanical waves are reflected and transmitted at the boundaries of a medium
» Define the terms interference and superposition
* Find the resultant wave of two identical sinusoidal waves that differ only by a phase shift

Up to now, we have been studying mechanical waves that propagate continuously through a medium, but we have not
discussed what happens when waves encounter the boundary of the medium or what happens when a wave encounters
another wave propagating through the same medium. Waves do interact with boundaries of the medium, and all or part of
the wave can be reflected. For example, when you stand some distance from a rigid cliff face and yell, you can hear the
sound waves reflect off the rigid surface as an echo. Waves can also interact with other waves propagating in the same
medium. If you throw two rocks into a pond some distance from one another, the circular ripples that result from the two
stones seem to pass through one another as they propagate out from where the stones entered the water. This phenomenon is
known as interference. In this section, we examine what happens to waves encountering a boundary of a medium or another
wave propagating in the same medium. We will see that their behavior is quite different from the behavior of particles and
rigid bodies. Later, when we study modern physics, we will see that only at the scale of atoms do we see similarities in the
properties of waves and particles.

Reflection and Transmission

When a wave propagates through a medium, it reflects when it encounters the boundary of the medium. The wave before
hitting the boundary is known as the incident wave. The wave after encountering the boundary is known as the reflected
wave. How the wave is reflected at the boundary of the medium depends on the boundary conditions; waves will react
differently if the boundary of the medium is fixed in place or free to move (Figure 16.17). A fixed boundary condition
exists when the medium at a boundary is fixed in place so it cannot move. A free boundary condition exists when the
medium at the boundary is free to move.
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Figure 16.17 (a) One end of a string is fixed so that it cannot move. A wave propagating on
the string, encountering this fixed boundary condition, is reflected 180°(z rad) out of phase

with respect to the incident wave. (b) One end of a string is tied to a solid ring of negligible mass
on a frictionless lab pole, where the ring is free to move. A wave propagating on the string,
encountering this free boundary condition, is reflected in phase 0°(0 rad) with respect to the

wave.

Part (a) of the Figure 16.17 shows a fixed boundary condition. Here, one end of the string is fixed to a wall so the end
of the string is fixed in place and the medium (the string) at the boundary cannot move. When the wave is reflected, the
amplitude of the reflected way is exactly the same as the amplitude of the incident wave, but the reflected wave is reflected
180°(zrad) out of phase with respect to the incident wave. The phase change can be explained using Newton’s third

law: Recall that Newton’s third law states that when object A exerts a force on object B, then object B exerts an equal and
opposite force on object A. As the incident wave encounters the wall, the string exerts an upward force on the wall and the
wall reacts by exerting an equal and opposite force on the string. The reflection at a fixed boundary is inverted. Note that
the figure shows a crest of the incident wave reflected as a trough. If the incident wave were a trough, the reflected wave
would be a crest.

Part (b) of the figure shows a free boundary condition. Here, one end of the string is tied to a solid ring of negligible mass
on a frictionless pole, so the end of the string is free to move up and down. As the incident wave encounters the boundary of
the medium, it is also reflected. In the case of a free boundary condition, the reflected wave is in phase with respect to the
incident wave. In this case, the wave encounters the free boundary applying an upward force on the ring, accelerating the
ring up. The ring travels up to the maximum height equal to the amplitude of the wave and then accelerates down towards
the equilibrium position due to the tension in the string. The figure shows the crest of an incident wave being reflected in
phase with respect to the incident wave as a crest. If the incident wave were a trough, the reflected wave would also be a
trough. The amplitude of the reflected wave would be equal to the amplitude of the incident wave.

In some situations, the boundary of the medium is neither fixed nor free. Consider Figure 16.18(a), where a low-linear
mass density string is attached to a string of a higher linear mass density. In this case, the reflected wave is out of phase with
respect to the incident wave. There is also a transmitted wave that is in phase with respect to the incident wave. Both the
incident and the reflected waves have amplitudes less than the amplitude of the incident wave. If the tension is the same in
both strings, the wave speed is higher in the string with the lower linear mass density.
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Figure 16.18 Waves traveling along two types of strings: a thick string with a high linear density and a thin
string with a low linear density. Both strings are under the same tension, so a wave moves faster on the low-
density string than on the high-density string. (a) A wave moving from a low-speed to a high-speed medium
results in a reflected wave that is 180°(xz rad) out of phase with respect to the incident pulse (or wave) and a

transmitted wave that is in phase with the incident wave. (b) When a wave moves from a low-speed medium to a
high-speed medium, both the reflected and transmitted wave are in phase with respect to the incident wave.

Part (b) of the figure shows a high-linear mass density string is attached to a string of a lower linear density. In this case, the
reflected wave is in phase with respect to the incident wave. There is also a transmitted wave that is in phase with respect to
the incident wave. Both the incident and the reflected waves have amplitudes less than the amplitude of the incident wave.
Here you may notice that if the tension is the same in both strings, the wave speed is higher in the string with the lower
linear mass density.

Superposition and Interference

Most waves do not look very simple. Complex waves are more interesting, even beautiful, but they look formidable. Most
interesting mechanical waves consist of a combination of two or more traveling waves propagating in the same medium.
The principle of superposition can be used to analyze the combination of waves.

Consider two simple pulses of the same amplitude moving toward one another in the same medium, as shown in Figure
16.19. Eventually, the waves overlap, producing a wave that has twice the amplitude, and then continue on unaffected by
the encounter. The pulses are said to interfere, and this phenomenon is known as interference.
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Figure 16.19 Two pulses moving toward one another
experience interference. The term interference refers to what
happens when two waves overlap.

To analyze the interference of two or more waves, we use the principle of superposition. For mechanical waves, the principle
of superposition states that if two or more traveling waves combine at the same point, the resulting position of the mass
element of the medium, at that point, is the algebraic sum of the position due to the individual waves. This property is
exhibited by many waves observed, such as waves on a string, sound waves, and surface water waves. Electromagnetic
waves also obey the superposition principle, but the electric and magnetic fields of the combined wave are added instead of
the displacement of the medium. Waves that obey the superposition principle are linear waves; waves that do not obey the
superposition principle are said to be nonlinear waves. In this chapter, we deal with linear waves, in particular, sinusoidal
waves.

The superposition principle can be understood by considering the linear wave equation. In Mathematics of a Wave, we
defined a linear wave as a wave whose mathematical representation obeys the linear wave equation. For a transverse wave
on a string with an elastic restoring force, the linear wave equation is

Py, ) _ 1 0%y, 1)
0x> v2 a2

Any wave function y(x, ) = y(x ¥ vt), where the argument of the function is linear (x F v¢) is a solution to the linear
wave equation and is a linear wave function. If wave functions y; (x, f) and y,(x, ) are solutions to the linear wave
equation, the sum of the two functions y; (x, 1) + y, (x, ?) is also a solution to the linear wave equation. Mechanical waves

that obey superposition are normally restricted to waves with amplitudes that are small with respect to their wavelengths. If
the amplitude is too large, the medium is distorted past the region where the restoring force of the medium is linear.

Waves can interfere constructively or destructively. Figure 16.20 shows two identical sinusoidal waves that arrive at
the same point exactly in phase. Figure 16.20(a) and (b) show the two individual waves, Figure 16.20(c) shows the
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resultant wave that results from the algebraic sum of the two linear waves. The crests of the two waves are precisely aligned,
as are the troughs. This superposition produces constructive interference. Because the disturbances add, constructive
interference produces a wave that has twice the amplitude of the individual waves, but has the same wavelength.

Figure 16.21 shows two identical waves that arrive exactly 180° out of phase, producing destructive interference.

Figure 16.21(a) and (b) show the individual waves, and Figure 16.21(c) shows the superposition of the two waves.
Because the troughs of one wave add the crest of the other wave, the resulting amplitude is zero for destructive
interference—the waves completely cancel.
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Figure 16.20 Constructive interference of two identical waves produces a wave with twice the
amplitude, but the same wavelength.
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Figure 16.21 Destructive interference of two identical waves, one with a phase shift of
180°(x rad) , produces zero amplitude, or complete cancellation.

When linear waves interfere, the resultant wave is just the algebraic sum of the individual waves as stated in the principle
of superposition. Figure 16.22 shows two waves (red and blue) and the resultant wave (black). The resultant wave is the
algebraic sum of the two individual waves.
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Figure 16.22 When two linear waves in the same medium interfere, the height of resulting wave is the
sum of the heights of the individual waves, taken point by point. This plot shows two waves (red and blue)
added together, along with the resulting wave (black). These graphs represent the height of the wave at
each point. The waves may be any linear wave, including ripples on a pond, disturbances on a string,
sound, or electromagnetic waves.

The superposition of most waves produces a combination of constructive and destructive interference, and can vary from
place to place and time to time. Sound from a stereo, for example, can be loud in one spot and quiet in another. Varying
loudness means the sound waves add partially constructively and partially destructively at different locations. A stereo has
at least two speakers creating sound waves, and waves can reflect from walls. All these waves interfere, and the resulting
wave is the superposition of the waves.

We have shown several examples of the superposition of waves that are similar. Figure 16.23 illustrates an example of the
superposition of two dissimilar waves. Here again, the disturbances add, producing a resultant wave.
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Figure 16.23 Superposition of nonidentical waves exhibits
both constructive and destructive interference.

At times, when two or more mechanical waves interfere, the pattern produced by the resulting wave can be rich in
complexity, some without any readily discernable patterns. For example, plotting the sound wave of your favorite music can
look quite complex and is the superposition of the individual sound waves from many instruments; it is the complexity that
makes the music interesting and worth listening to. At other times, waves can interfere and produce interesting phenomena,
which are complex in their appearance and yet beautiful in simplicity of the physical principle of superposition, which
formed the resulting wave. One example is the phenomenon known as standing waves, produced by two identical waves
moving in different directions. We will look more closely at this phenomenon in the next section.

@ Try this simulation (https://lopenstaxcollege.orgl/l/21waveinterfer) to make waves with a dripping faucet,

audio speaker, or laser! Add a second source or a pair of slits to create an interference pattern. You can observe one
source or two sources. Using two sources, you can observe the interference patterns that result from varying the
frequencies and the amplitudes of the sources.

Superposition of Sinusoidal Waves that Differ by a Phase Shift

Many examples in physics consist of two sinusoidal waves that are identical in amplitude, wave number, and angular
frequency, but differ by a phase shift:

vi(x, 1) = Asinlkx — wt + ¢),

v, (x, 1) = Asin(kx — wt).
When these two waves exist in the same medium, the resultant wave resulting from the superposition of the two individual
waves is the sum of the two individual waves:

YR, =y (x, )+ y,(x, 1) = Asinlkx — ot + ¢) + A sin(kx — o).

The resultant wave can be better understood by using the trigonometric identity:

sinu+sinv =2 sin(” '5 V)cos(%),

where u = kx — ot + ¢ and v = kx — wt . The resulting wave becomes
YR, ) =y(x, )+ y,(x, 1) = Asinlkx — ot + ¢) + A sin(kx — wt)

=2A sin((kx —ort ¢2) + (kx — CUI))COS((kx — ot + ¢2) — (kx — a)t))

=2A sin(kx —wt + %)cos(%).

This equation is usually written as
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yr(x, 1) = [2A cos(%)]sin(kx — ot + %) (ki)
The resultant wave has the same wave number and angular frequency, an amplitude of Ap = [ZA cos(%)], and a phase

shift equal to half the original phase shift. Examples of waves that differ only in a phase shift are shown in Figure 16.24.
The red and blue waves each have the same amplitude, wave number, and angular frequency, and differ only in a phase
shift. They therefore have the same period, wavelength, and frequency. The green wave is the result of the superposition
of the two waves. When the two waves have a phase difference of zero, the waves are in phase, and the resultant wave
has the same wave number and angular frequency, and an amplitude equal to twice the individual amplitudes (part (a)).
This is constructive interference. If the phase difference is 180°, the waves interfere in destructive interference (part (c)).

The resultant wave has an amplitude of zero. Any other phase difference results in a wave with the same wave number
and angular frequency as the two incident waves but with a phase shift of ¢/2 and an amplitude equal to 2A cos(¢/2).

Examples are shown in parts (b) and (d).
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Figure 16.24 Superposition of two waves with identical amplitudes, wavelengths, and
frequency, but that differ in a phase shift. The red wave is defined by the wave function
v (x, t) = Asin(kx — wt) and the blue wave is defined by the wave function

v, (x, 1) = A sin(kx — @t + ¢). The black line shows the result of adding the two

waves. The phase difference between the two waves are (a) 0.00rad, (b) #/2rad, (c)
wrad, and (d) 37/2rad.

16.6 | Standing Waves and Resonance

Learning Objectives

By the end of this section, you will be able to:

* Describe standing waves and explain how they are produced
* Describe the modes of a standing wave on a string
* Provide examples of standing waves beyond the waves on a string

Throughout this chapter, we have been studying traveling waves, or waves that transport energy from one place to another.
Under certain conditions, waves can bounce back and forth through a particular region, effectively becoming stationary.
These are called standing waves.

This OpenStax book is available for free at http://cnx.org/content/col12031/1.10





